Abstract For functions defined on integer lattice points, discrete versions of the Hessian matrix have been considered in various contexts. In discrete convex analysis, for example, certain combinatorial properties of the discrete Hessian matrices are known to characterize M ♮ -convex and L ♮ -convex functions, which can be extended to convex functions in real variables. The relationship between convex extensibility and discrete Hessian matrices is not fully understood in general, and unfortunately, some vague or imprecise statements have been made in the literature. This note points out that the positive semidefiniteness of the discrete Hessian matrix does not imply nor is implied by convex extensibility of discrete functions.
Introduction
For functions defined on integer lattice points, discrete versions of the Hessian matrix have been considered in various contexts. In discrete convex analysis [5, 6] , for example, certain combinatorial properties of the discrete Hessian matrices are known [1, 3] to characterize M ♮ -convex and L ♮ -convex functions, which can be extended to convex functions in real variables. A natural definition of a discrete Hessian matrix H f (x) = (H ij (x)) of f : Z n → R at x ∈ Z n is H ij (x) = f (x + e i + e j ) − f (x + e i ) − f (x + e j ) + f (x), (1.1) where e i denotes the ith unit vector. This is used in characterizing M ♮ -convex functions, whereas a modified definition is suitable for L ♮ -convex functions. However, the relationship between convex extensibility and discrete Hessian matrices is not fully understood in general, and unfortunately, some vague or imprecise statements have been made in the literature. Recent papers [8] [9] [10] discuss the relationship between convex extensibility of discrete functions and the positive semidefiniteness of their Hessian matrix H f (x) at each point x. It is certainly true that a univariate discrete function f : Z → R, with n = 1, is convex extensible if and only if the Hessian H f (x), which is actually a real number, is positive semidefinite (i.e., nonnegative). But this statement is incorrect for n ≥ 2. We point out the incorrectness of this statement by giving counterexamples in following sections.
This paper is a contribution toward clarifying the relationship between discrete Hessians and the convex extensibility of discrete functions. To be specific, this paper points out the following facts by examples:
• Even if f : Z 2 → R has a convex extension to a C 2 convex function, its discrete Hessian matrix is not necessarily positive semidefinite.
• Even if f : Z 2 → R has a positive semidefinite discrete Hessian matrix at every point of Z 2 , it is not necessarily convex extensible.
The first of the above may be rephrased as follows:
• Even if f : R 2 → R is C 2 convex, the discrete Hessian matrix of the function obtained as its restriction to Z 2 is not positive semidefinite.
In addition, we reconsider the previous results [1, 3] for discrete M ♮ -convex/L ♮ -convex functions to better understand the role of discrete Hessian matrices in discrete convex analysis.
Convex Extensibility Does Not Imply Positive Semidefiniteness
In this section we consider functions in discrete variables.
We first show, by giving counterexamples, that the positive semidefiniteness of the discrete Hessian matrix H f (x) in (1.1) is not implied by the convex extensibility of f . Example 2.1. The function f :
We have
This is not positive semidefinite in spite of the convex extensibility of f . Whereas the convex extension of the function f in Example 2.1 is piecewise linear, the function f in Example 2.2 below admits a convex extension to a C 2 function. Even in this smooth case, the discrete Hessian matrix is not positive semidefinite. Example 2.2. Consider a univariate function φ : R → R defined as
which is a C 2 convex function with φ(0) = 0, φ(±1) = 1, and φ(±2) = 3. Using this φ we define f :
The discrete Hessian matrix of f at (0, 0):
Positive Semidefiniteness Does Not Imply Convex Extensibility
Naturally, we are also concerned with the converse, that is, whether positive semidefiniteness of the discrete Hessian matrix implies convex extensibility. We construct a counterexample in two variables with the aid of semidefinite programming. In so doing we prove the following. Theorem 3.1. There exists a function f : Z 2 → R such that f is not convex extensible and the discrete Hessian matrix H f (x) is positive semidefinite for each x ∈ Z 2 .
Our construction consists of three steps. In the first step of our construction, we construct a function on a triangular domain with the aid of semidefinite programming technique and a computer software package. In the second step, we extend the function to a function on the nonnegative orthant. Furthermore, we extend the function to a function on Z 2 in the third step.
Construction by SDP on a triangular domain
For any finite set A, its cardinality is denoted by |A|. We use the symbols I and O to denote the identity matrix and the zero matrix, respectively. We denote by Z + the set of nonnegative integers.
For c ∈ Z + , we define
It is assumed that c ≥ 8.
In this section, we construct a function f : P (c) → R which satisfies the following conditions:
Here the notation X ⪰ O for a symmetric matrix X means that X is positive semidefinite. The condition (3.2) implies that f admits no convex extension.
Construction method
We use a SemiDefinite Programming (SDP) technique to construct a function f satisfying (3.1) and (3.2) on a triangular domain. We regard (3.1) as a constraint of SDP and want to find (f (
. If the optimal objective function value is negative, its optimal solution is a desired function f : P (c) → R. We first consider (3.1) as a constraint of SDP. For f : P (c) → R, the discrete Hessian matrix at (x 1 , x 2 ) ∈ P (c − 2) is given by
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This shows that the condition
can be combined as follows:
where
, we consider the following SDP:
is the vector of decision variables and
The problem P is homogeneous. This means that, if there exists a feasible solution of P with a negative objective value, the optimal objective value is −∞, that is, the problem P is unbounded.
To obtain a bounded SDP, we add the following constraints for normalization:
with l < 1 < u. It is noted that the resulting SDP has a feasible solution, e.g., a constant function f (x 1 , x 2 ) = 1 for all (x 1 , x 2 ) ∈ P (c). Remark 3.1. When we solve SDP by a computer software, we cannot avoid round-off errors. In practice, it is useful to replace the constraint X ⪰ O by X − σI ⪰ O with some σ > 0, and to round the approximate optimal variable vector computed by the software to an integer vector, which is to be checked for feasibility. Remark 3.2. Here is a remark related to our choice
The positive semidefiniteness of the discrete Hessian matrix H f (x 1 , x 2 ) implies (discrete) convexity along a line with x 1 + x 2 constant:
which can be shown as follows. By
By substituting the expressions of H 12 , H 11 and H 22 , we obtain (3.5). In view of (3.5) we search for the failure of convexity along a line with x 1 − x 2 constant. Remark 3.3. Our construction method by SDP is valid not only for the case n = 2, but also for an arbitrary dimension n.
Numerical result
We here show a concrete numerical result of f : P (c) → R satisfying (3.1) and (3.2) for c = 10. We solve SDP P with (3.3) and (3.4) with l = −100 and u = 100 by SDPA [11] , which is a computer software package for solving SDP while extensively utilizing sparseness of the matrices; see [4] for details. We also put σ = 3 in X − σI ⪰ O to construct an integer-valued f from the output of SDPA; see Remark 3.1. By rounding an approximate optimal variable vector in the output of SDPA to an integer vector, we get f (x 1 , x 2 ) ((x 1 , x 2 ) ∈ P (10)) as follows: This function f : P (c) → R serves as an example that the positive semidefiniteness of the discrete Hessian matrix does not imply convex extensibility. We can see a failure of midpoint convexity in In this section, we construct a functionf : Z 2 + → R which satisfies the following conditions:
Let f be the function on P (c) constructed in Section 3.1.2. To extend it to f : Z 2 + → R, we define the function value for (x 1 , x 2 ) ∈ S(c + 1) by
with arbitrary α and β. Then we have
and H f (x 1 , x 2 ) is known to be positive semidefinite unless (
To take care of the case (
, we now define the following functions g and h with a > 0:
It is noted that 11) and the discrete Hessian matrices of g and h are given as follows:
Lemma 3.1. The conditions (3.7) and (3.8) hold forf = f + g + h with a sufficiently large a.
Proof. We can see the failure of midpoint convexity (3.8) easily from (3.6), (3.10) and (3.11).
We here prove the positive semidefiniteness of the discrete Hessian matrix (3.7). Note first that
We consider the following four cases:
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(ii) For (x 1 , x 2 ) ∈ B(c − 1): Although H f is not necessarily positive semidefinite, using a sufficiently large a, the positive semidefiniteness
Although H f is not necessarily positive semidefinite, using a sufficiently large a, the positive semidefiniteness
It is noted that such a exists since B(c) is a finite set.
This completes the proof of Lemma 3.1.
Extension to a function on Z 2
In this section, we construct a functionf : Z 2 → R which satisfies the following conditions: 
14) sup
Choose a constant b as
and define a functionf : Proof. From condition (3.14), we have
We check the positive semidefiniteness (3.12) in the following cases:
(iv) For
We have 
Therefore, the functionf satisfies the condition (3.15) and, the condition (3.16) holds for b with
We can calculatef (0, x 2 ) −f (1, x 2 ) similarly.
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The functionf : Z 2 → R constructed in Lemma 3.2 with f =f in Lemma 3.1 satisfies (3.12) and (3.13). The positive semidefiniteness (3.12) follows from Lemmas 3.1, 3.2 and 3.3, whereas the failure of midpoint convexity (3.13) follows easily from the definition off and Lemma 3.1. Hence this functionf serves as the function f in Theorem 3.1.
The construction method presented in the above is summarized as follows: 1. We construct a function f : P (c) → R on the triangular domain P (c) with the aid of SDP. The positive semidefiniteness of the discrete Hessian matrix holds for (x 1 , x 2 ) ∈ P (c − 2). The midpoint convexity fails at (x 1 , x 2 ) = (1, 1), (2, 2), (3, 3). 2. We extend f to a function f : Z 1), (2, 2), (3, 3) . 4 . We extendf to a functionf : Z 2 → R by (3.17). The positive semidefiniteness of the discrete Hessian matrix holds for (x 1 , x 2 ) ∈ Z 2 . The midpoint convexity fails at (x 1 , x 2 ) = (1, 1), (2, 2), (3, 3) . Remark 3.4. In Theorem 3.1 the function f can be chosen to be integer-valued. To see this note that the function f on P (c) satisfying (3.1) and (3.2) computed by SDP is integervalued and the parameters α, β, a, and b can be chosen to be integers. Then the resulting functionf is integer-valued.
M ♮ -Convex/L ♮ -Convex Functions
In this section, we deal with M ♮ -convex and L ♮ -convex functions, which play central roles in discrete convex analysis [5, 6] . Our objective here is to discuss the significance of the previous results on discrete Hessian For a vector x ∈ Z n and an element i ∈ {1, 2, . . . , n}, x i means the component of x with index i. We write the positive and negative supports of a vector x by supp
We write 1 = (1, 1, . . . , 1) ∈ Z n and 0 = (0, 0, . . . , 0) ∈ Z n . For a function f : Z n → R ∪ {+∞}, the effective domain, denoted as dom f , is defined to be the set of x ∈ Z n for which f (x) is finite.
M ♮ -convex functions
where e 0 = 0.
We now consider the Hessian matrix. M ♮ -convex functions can be characterized by a certain combinatorial property of the discrete Hessian matrix, as follows. 
It is known that a symmetric matrix satisfying the conditions (4.1) and (4.2) above is necessarily positive semidefinite. Example 4.1. The function f :
which is positive semidefinite, since φ(
by the assumed convexity of φ. For the function φ(t) in (2.1), in particular, we have
] .
Compare this with Example 2.2, which shows that the discrete Hessian matrix of f (
is not positive semidefinite; note that (4.2) is not satisfied.
As we have repeatedly seen, convex extensibility alone does not imply positive semidefiniteness of the discrete Hessian (1.1). On the other hand, M ♮ -convexity, which is a combinatorial convexity concept, does imply both convex extensibility and positive semidefiniteness of the discrete Hessian via (4.1) and (4.2).
L ♮ -convex functions
A function f : Z n → R ∪ {+∞} is called L ♮ -convex if it satisfies the following discrete midpoint convexity: 
2, which shows that the discrete Hessian matrix (1.
is L ♮ -convex [5] . The discrete Hessian matrix (1.1) at (x 1 , x 2 , x 3 , x 4 ) = (0, 0, 0, 0) is
which is not positive semidefinite.
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The above examples demonstrate that the natural definition (1.1) of the discrete Hessian matrix is not amenable to L ♮ -convexity. An alternative possibility is pursued in [3] , which turned out to be suitable for L ♮ -convexity. For f : Z n → R, x ∈ Z n , and i, j ∈ {1, . . . , n} with i ̸ = j, we first define
Then we define a symmetric matrixH
as a variant of the discrete Hessian matrix. The modified discrete Hessian matrix gives a characterization of L ♮ -convex functions, as follows. 
It is known that a symmetric matrix satisfying the conditions (4.5) and (4.6) above is necessarily positive semidefinite. 
This is positive semidefinite. 
This is positive semidefinite. Convex extensibility alone does not imply positive semidefiniteness of the modified discrete HessianH f (x) = (H ij (x)) in (4.4), which is demonstrated by Example 4.6 below. On the other hand, L ♮ -convexity, which is a combinatorial convexity concept, does imply both convex extensibility and positive semidefiniteness ofH f (x) via (4.5) and (4.6). Example 4.6. We define f :
with the univariate convex function
The modified discrete Hessian matrixH f (x 1 , x 2 ) of f at (x 1 , x 2 ) = (0, 0) is given bỹ
This is not positive semidefinite, whereas f is convex extensible (not L ♮ -convex). We note that the diagonal entries are nonnegative, but the matrix H is not positive semidefinite since its determinant det H f (x, y) = −4y 2 (3x 2 + 4x + 1) can be negative. It is also noted that the off-diagonal entries of H are positive or negative depending on (x, y). This seems to contradict Corollary 5.3 above.
Conclusion
We may summarize our observations as follows.
• Convex extensibility alone does not imply positive semidefiniteness of the discrete Hessian matrix (1.1). Counterexamples for f : Z 2 → R have been given in Examples 2.1 and 2.2.
• Positive semidefiniteness of the discrete Hessian matrix (1.1) does not imply convex extensibility. A counterexample for f : P (c) → R has been given in Section 3.1.2. Extensions of this function to f : Z 2 + → R and f : Z 2 → R have been given in Sections 3.2 and 3.3, respectively.
• M ♮ -convexity, which is a combinatorial convexity concept, does imply both convex extensibility and positive semidefiniteness of the discrete Hessian matrix in (1.1). Conversely, a certain combinatorial property of the discrete Hessian matrix, which is stronger than positive semidefiniteness, implies convex extensibility via M ♮ -convexity (Theorem 4.1).
• L ♮ -convexity, which is another combinatorial convexity concept, is not compatible with the discrete Hessian in (1.1), as shown in Examples 4.2 and 4.3. With the modified version of the discrete Hessian matrix in (4.4), L ♮ -convexity does imply both convex extensibility and positive semidefiniteness of the (modified) discrete Hessian. Conversely, a certain combinatorial property of the (modified) discrete Hessian matrix, which is stronger than positive semidefiniteness, implies convex extensibility via L ♮ -convexity (Theorem 4.2).
• Convex extensibility of a mixed function f : Z n × R m → R does not imply positive semidefiniteness of the discrete Hessian matrix (5.1). Counterexamples for f : Z×R → R have been given in Examples 5.1 and 5.2.
The concepts of M
♮ -convexity and L ♮ -convexity for mixed functions f : Z n × R m → R are introduced in [2] and [7] , respectively. The Hessian matrices of such functions are yet to be investigated.
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